Abstract. In this paper, the analysis of the properties of modified Network double Ring (NdR) topologies has been presented. The special type of these structures, namely optimal and ideal graph, has been defined. The basic parameters (diameter and average path length) were calculated and described by formulas which make possible evaluate these parameters for any NdR graph without experiments, next the comparison of the analyzing structures has been carry out.
Introduction
The choosing of the interconnection network topology has the biggest impact on efficiency, speed, reliability and cost of the telecommunications or computer systems [1] .
These networks can be modeled by symmetric digraphs, i.e., a directed graph G with vertex set V(G) and edge [2] . It is obvious that the best service and reliability parameters one can obtain by forming complete networks (described by a complete graph), but only small networks can be built in this way. In [3] , a survey of known topologies has been presented. Among the analyzed topologies that would be used in designing the distributed structures, the authors of this paper have chosen rings as they are very simple and extensible. They are not expensive (number of edges is equal to the number of nodes), are regular and symmetric, but possess poor transmission parameters. A modification of this type graphs are chordal ring structure [4, 5] . The chordal ring is a ring with additional chords. It is defined by pair (p, Q), where p is the number of nodes of the ring and Q is the set of chords. Each chord connects every pair of nodes of the ring that are at distance q i in the ring.
The application of chordal rings in computer systems [3, 6] , Time Domain Multiplexing (TDM) networks (communication between distributed switching modules) [7] , core optical networks [8, 9, 10, 11, 12, 13] , and optical access networks [14, 15, 16, 17, 18] has been analyzed. The authors of this paper, in their earlier works on modeling of telecommunication and computer networks, present an analysis of chordal rings [18, 19, 20, 21, 22, 23] . The authors were encouraged to go deeper into the subject of NdR type structures that can be used, first of all, for building Fiber to the Home (FTTH) distribution networks and computer networks but also in commu- • Dense sensor networks with topology control.
As it follows from experiences the big impact on the transmission properties of networks have its diameter and average path length.
The network diameter is the largest value among all the shortest path lengths between all pair of nodes.
The average length of the paths between all the pair of nodes is defined by the following formula:
In order to find lower limit of the analyzed type structures parameters, the theoretical calculated two reference topologies were defined. The first one is called the ideal graph and the second one -optimal graph. In fact these graphs exist only in particular cases, but they are useful as reference models for evaluation expected parameters of tested graphs.
Definition 1
The ideal graph is the regular graph were the total number of nodes pi is described by the formula:
where p d means the number of nodes that belong to the For ideal graphs the average path length d avi is expressed as:
whereas for the optimal graph the average path length d avo is equal to:
where d -layer number, p d -number of nodes in d-th layer, p o -number of nodes in optimal graph.
NdR structures are the subset of generalized Petersen graphs, and they are interesting due to shorter diameter and average path length than double rings and thirddegree chordal rings.
The remainder of the paper is organized as follows. In • outer ring, in which each node ok is connected with two adjacent nodes o k−1(mod p) and o k+1(mod p) ;
• inner ring, in which each node i k+p is connected with two adjacent nodes i k+p−1(mod 2p) and i k+p+1(mod 2p) ;
• each of the nodes of the inner ring i k+p is connected with a corresponding node of the outer ring o k .
The degree of each node of the graph is equal to 3. This structure is described as follows-NdR(2p).
On the basis of obtained results of calculations the theoretical total number of nodes forming optimal NdR graphs with the diameter D(G) is defined by:
The theoretical diameter of NdR structure is given by expression:
The theoretical average path length in optimal graph is described by the following expression:
The structures NdR(2p) is "inflexible" -their parameters are fixed, so in order to remove this disadvantage it introduced modification of them [20] .
Definition 3 Two rings, each containing p nodes, form the NdRm structure:
• outer ring, in which each node o k is connected with two adjacent nodes o k−1(mod p) and o k+1(mod p) ;
• inner ring, in which each node ik+p is connected with two adjacent nodes i k+p−q(mod 2p) and i k+p+q(mod 2p) ; by chords q of equal lengths, which are a multiplicity of the outer, ring chord length;
This structure is described in the following wayNdRm(2p, q). The degree of each node of the graph is equal to 3. class, the number of nodes in a ring and the chord length must be relatively prime ( Fig. 2(a) ).
• Second class in which the Hamilton cycle is characterized by the property j = i ⊕ 1 mod p and a certain set of disjointed cycles of equal length formed from a number of nodes smaller than p ( Fig. 2(b) ).
It is easy to notice that distributions of nodes equally distant from a randomly chosen source node are different depending on whether the source node is on the inner or outer ring. This must be taken into account when calculating average distance and diameter. Assuming that these are measured only from a source node in the outer ring, this can be done as shown in (7):
where d avN dRq means the average length of the paths in the initial graph and d avN dRq * the average length of the paths of transformed graph, both measured from an outer-ring node or inner-ring. It can find the cases when
An optimal graph such as N dR structure in which layers reach maximal power, forming a sequence, is described by the expression:
On the basis of obtained results the theoretical total number of nodes forming optimal graphs with the diameter D(G) was defined by:
where 2p o denotes the sum of all the nodes of NdRm optimal structure.
The diameter of the optimal graphs is described by formula:
The average length of the paths is equal to:
The only realized in reality the optimal graph is Petersen's graph having 10 nodes (see Fig. 3 ).
Fig. 3: Petersen graph
The optimal graphs are a particular case of ideal graphs.
Definition 4
Ideal graph was referred to as an automor-phic NdRm structure with the number of nodes higher than 10, in which the numbers of nodes in the layers is equal to:
where p di denotes the number of nodes in d-th layer of an ideal graph, whereas, p o(D(G)i−1) indicated the total number of nodes in an optimal graph with its diameter smaller than 1 from a theoretically calculated diameter of an ideal graph. The exception of this rule is NdRm structure having 3 nodes in each layer.
The diameter can be calculated using formula:
The average length of the paths connecting a randomly chosen source node with the remaining nodes is described by the formula:
For a chosen number of nodes forming a graph, parameters of an ideal structure are lower limits of these parameters values, with which the examined graphs features would be compared. Analyzing the NdRm structures belonging to second group, where the chord length is not prime in respect of number of nodes in ring, they did not find any ideal graph, but during analyzed the node distributions in particular layers of NdRm structures, a group of graphs having parameters closed to ideal ones, has been discovered. • in the first d(G) t − 1 layers all sets of nodes equally distant from the source node reach maximal power;
• in the last layer there is only 1 node;
• they are automorphic structures;
• in the inner ring there always appear two subcycles of length p/2.
Examples of distributions of nodes in this type of graphs are presented in Table 1 .
diameter. These structures are depicted by the following formulas:
• Number of nodes in each ring can be calculated using (17):
• Length of the chord of inner ring q i :
• The diameter can be described by expression:
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• Number of nodes in last but one layer:
• Average path length: From these charts it follows that the difference of the real graphs diameters do not exceed more than 3, but average path length is very close to characteristic of reference graphs.
In order to find real best reference parameters of third degree graphs they defined Reference Graph. It represents lower bounds for average distance and diameter for all these graphs, but since it is in many cases "virtual graph"
these bounds may not always be achievable.
The Reference Graph possesses parameters as follows:
1. The number of nodes p dRG in d-th layer is determined by formula:
2. Total number of nodes p D(G)RG versus graph diameter is described by expression:
3. Value of diameter versus total number of nodes is given can be calculated following formula:
4. Average path length d avr in function of diameter is equal to:
5. This graph is symmetrical, all of its parameters are equal regardless from which node they are calculated.
In Reference Graph, so authors of presented paper decided to try to find similar structures having better properties.
Modification of NdR Structure
In this part of the paper other, proposed by authors, modification of NdR topologies will be presented.
NdRa structure
Definition 5 NdRa forms the structure consisted of:
• outer ring has p nodes (p has to be divisible by 4), in which each node o k is connected with two adjacent nodes o k−1(modp) and o k+1(modp) ;
• inner ring or rings which have in total p nodes.
Each even node i 2k+p is connected with two adjacent nodes i 2k+p+q1(mod2p) and i 2k+q2(mod2p) and each odd node i 2k+1+p is connected with two adjacent nodes i 2k+1+p−q1(mod2p) and i 2k+1+q2(mod2p) ;
• each node of the inner ring i k+p is connected with a corresponding node of the outer ring o k .
Parameter q 1 must be odd; q 2 is even and equal to p/2.
They are meaning the lengths of the chords. This structure is describing in the following way -NdRa(2p; q1, q2).
Fig. 6: Examples of analyzed structures
In the beginning the distribution of the nodes in the layers was analyzed.
As it follows from Table 2 In Fig. 7 the results obtained in experimental way are shown.
In the first case in inner ring the edges create Hamilton cycle, chord q 2 connects even and odd node, in turn odd node is connected to even node by chord q 1 etc.
In second case chord q 2 connects two even or odd node, so when source node has number i, it will obtain cycle which creates sequence of numbers
Then always a subcycle consisting of 4 edges will be obtained.
In dependence of number of nodes creating analyzing structures, is it divisible by 8 or not, the distribution of nodes in successive layer of optimal graph can be described as follows:
where 2p o denotes the sum of all the nodes of NdR optimal structure.
The average length path of optimal graphs is describing by expressions:
(28) In second case the average path length has to be counted as average value of d avo out and d avo in.
In Fig. 8 and 9 the comparison of parameters both type of graphs are shown.
NdRb structure
Definition 6 Two rings, each containing p nodes (p has to be divisible by 4), form the NdRb structure:
• outer ring, in which each node o k is connected with two adjacent nodes o k−1(modp) and o k+1(modp) ;
• inner ring, in which each even node i 2k+p is connected with two adjacent nodes i 2k+p+q1(mod2p) and Parameters q 1 and q 2 must be odd, they are meaning the lengths of the chords and describing this structure in the following way -NdRb(p; q 1 , q 2 ).
In the Table 4 the distribution of nodes in successive layers of optimal, virtual graph, obtained in experimental way, is shown. 
On the basis of these results the total number of nodes can be calculated and described by (31) ( Table 5 ). 
The average path length can be calculated using expressions as it follows:
(32)
The obtained results of comparison of optimal and real graphs in Fig. 11 are shown. • outer ring, in which each node o k is connected with two adjacent nodes o k−1(modp) and o k+1(modp) ;
• inner ring, in which each even node i 2k+p is connected with two adjacent nodes i 2k+p−q1(mod2p) and i 2k+p+q1(mod2p) and each odd node i 2k+1+p is connected with two adjacent nodes i 2k+p−q2(mod2p) and i 2k+p+q2(mod2p) ;
Parameters q 1 and q 2 must be even, they are meaning the lengths of the chords and describing this structure in the following way -NdRc(p; q 1 , q 2 ).
Example of this structure in Fig. 12 is show. 
where p din and p dout means the number of nodes counting of nodes belonging to the inner or outer ring accordingly.
Theoretical total number of nodes in optimal graphs calculated in dependence of source nodes location is shown in Table 7 .
The optimal graphs do not exist in reality but the total number of nodes in dependence of source nodes location can be given by expressions:
The theoretical average path lengths calculated using for-
are equal to (35):
The difference between real and theoretical calculated parameters of NdRc structures is shown in Fig. 13 .
NdRd structures
Definition 8 Two rings, each containing p nodes (p has to be divisible by 4), form the NdRd structure:
• inner ring, in which each even node i (2k+p)=0 (mod4) is connected with two adjacent nodes i 2k+p+q1(mod2p) and i 2k+p+q2(mod2p) , each even node i (2k+p)=2(mod4) is connected to nodes i 2k+p+q1(mod2p) and i 2k+p−q2(mod2p) and each odd node i 2k+1+p=1(mod4) is connected to two adjacent nodes i 2k+p−q1(mod2p) and i 2k+p+q3 (mod2p) and node i 2k+1+p=3(mod4) is connected to nodes i 2k+p−q1(mod2p) and i 2k+p−q3(mod2p) ;
Parameters q 1 must be odd but q 2 and q 3 -even, they are meaning the lengths of the chords. This structure is describing by -NdRd(p; q 1 , q 2 , q 3 ). An example of these structures is shown in Fig. 14 . Distribution of nodes in the layers in dependence of source nodes location is shown in Table 8 . The distribution of nodes in the first six layers can be described by expression:
Theoretical total number of nodes in optimal graphs calculated in dependence of diameter is shown in Table 9 .
In this case it can calculate the total number of nodes in dependence of graph diameter (if it is not bigger than 6) using formula:
and the average path length of optimal graph is equal to:
It did not find any simple formulas describing distributions of nodes in higher layers, total number of nodes in
NdRd structures and what is follows from this situationaverage path length. The difference between real and theoretical calculated parameters of NdRd structures is shown in Fig. 15 .
Summing-up of the analysis
In the previous parts of this chapter an analysis of modified topological structures was presented. As a base for the creation of these topologies NdR structure was using.
This analysis concentrated on two parameters: the diame- The drawback of NdRc is a difference between parameters value in dependence of the location of a source node (it belongs to outer or inner ring and has odd or even number). NdRa2 (when global number of nodes is divisible by 8) possesses the worst properties, while NdRa1 has parameters similar to basic structure NdR.
From the application point of view it seems that NdRb structures are the optimal solution for modelling optical network of type NdR. These structures are simple in construction, have a quite good basic parameters and these parameters are equal regardless of the source node they are calculated. 
Conclusions
In this paper, in first part an analysis of NdR structures has been carried out. In this paper the authors proposed a few structures which are the modification of basic NdR graphs and presented their properties and formulas which can be used to facilitate process of choice of optimal network based on NdR structures.
A general conclusion that can be drawn from the presented analysis is that using structures of the NdR type Meter Reading (AMR) system dedicated for acquisition and distribution of data from/to watt-hour-meters.
